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CHAPTER

THE FIRST ASSESSMENT
OF MATHEMATICS (1972-73)

The National Assessment of Educational Progress conducted the first assessment of mathc-

_matics during the 1972-73school.year. The objectives for that assessment %%ere developed

by i%%o educational testing contractors. Educational Testing Senice 'and Psychological Cor-
poration. Each contractor independently developed a set of objectives, relying on its staff,
mathematicians and mathematics educators. The final sets of objectives %%ere resie%%ed by

panels of interested lay citizens to decide which set to use in the assessment. Panel mem-
,bers %%,ere evenly divided in their preference for the to sets of objectises. In the absence
of a strong preference, the Psychological Corporation %%as asked to continue the doelop-
ment of objectives, and in 1968, completed its revision of objectives. The recision, to-

gether %% ith objectives selected from the Educational Testing Service's version, %%as com-

piled ;nto a final statement of objecthes for the first assessment of mathematics. A booklet
containing the statement was published in 1970.

When the objectises for mathematics %%ere first formulated, they '%% ere compared %%ith

other statements of objecthes that had appeared in mathematics education literature dttr-
ing the preceding zs years. The objectives for the first assessment %%ere consistent %%ith pb-

jectives appearing in the literature. This outcome was both desired and expected since one
'criterion for .the Natic;nal Assessment °lie' cti%es %%as that tin:y -be' central to pre%atling

teachingefforts,

A three-dimensional classification scheme -%%as used to categorize the matheMatiLs objec-

tives for the first assessment. One dimension of the scheme was "Uses of Mathematics,"
which was divided into three major categories:

1. Social mathematics (the mathematics needed for personal living and effective citi-

zenship in our society).
Technical mathematics (tK! mathematics necessary for %arious skilled jobs and

professions).

3. ,Academic mathematics (the formally structured mathematics that pro%ide the basis

for an unIerstanding of various mathematical processes).

°



other dimension or the matrix Was "Content." the'content areas were:

numeration concepts.

2: 'Priaperties of numbers and operations.

...Arithmetic coMputations.

4. SetS:-

,-....-7--Estimation-ind measurement.-- --
6, aponents and logarithms.

Algebraic expressions.

8. Equations and inequalities. i
,9. Functions.

Probability and statistics. .-' .

&Me try.
12. Trigonometry.

3- Mathematical proof.

1+ Logic.
.;

i c. Miscellaneous topics.

16. 'Business and consumer mathematics.

17. Attitude and interest.

>

The. third dimension of the classification scheme consisted of six eognitiee:Obieetkes or

Abilities": '

i. To recall and/or recognize definitions, facts and symbols.

2. To perform mathematical manipulations.

3. ' To understand mathematical concepts.

4. To solve mathematical problems social, technical and academic.

S. To use mathematics and mathematical reasoning to analyze problem situations, de-
fine problems, formulate hypotheses, make decisions and verify results.

, 6. To appreciate and use mathematics.

. .

,-
During the development and re %/tie of the exercises, the euntent and ability dimensions of

li..
the classification scheme %%ere the- most useful. The exercise doelopm tended not to use - z

-the first dimension, uses of mathematics, i'e hen classifying exercises. This first dimension . .

tended to post too many restrictions on cxercise de %elopment to make its use worthw hile.

, zz!

"Although the exercises were classified by content and ability, not all content areas or abili-

'ties %%ere assessed equally. Certain content topics %%ere purposely measured in more detail

than 9thers. Furthermore, vet n though the objectives %%ere intended to include all the
mathematics taught in the nation's schools, it as impossible to measure eery objective in

depth. Little emphasis, for example, %%as placed on the topics of trigonometry and logic.

The content area of "attitude and interest" and the related ability of "appreciation and use

7
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of maihematics" %sere not measured because the exercises developed to assess these %sere

considered inadequate.

Approximately half of the exercises used in the mathematics assessment were released to
the public. These exercises %sere included in various mathematics reports and made a\V--

. able to individuals, groups and states for their ossn uses. The unreleased exercises %sere
used again in the second assessment of mathematics to measure changes in educational at-
tainments. Ageneral survey of the results-of the first_mathematics assessment is pros ided
in The First National Assessment of Mathethatics. An ()remelt (1975),I The text of each released
exercise and accompanying documentation including results can be found in the Mcithemat-

les Technical Report. Exerise volume (197);. Data are prodded for all of the mathematics exer-
cises, but- the exact text and scoring guides are pros ided for the released exercises only.

Results -oncerning computational abilities ofyoung Americans are presented and dis-
cussed in a special repott,Math Fundamentals. Selected Results From the First National Assessment

of Mathematics (197s). The results concerning consume' mathematics arc presented and dis-

cussed in Consumer .'lath. Selected Results From the First National Assessment of Mathematics

(1975). In addition, National Assessment has produced computer data tapes containing re-
spondent-les el data for the exercises that were reassessed in 1977-78. These datA tapes are

as ailable to any researcher ssho ss ishes to conduct further analysis of the data.2

National Asst...ssmcnt has swrked closely %%Rh a panel of mathematics educators from the

National Council of Te-achers of Mathematics (N(TM), ssho studied the data in order to
dm% implications from the results of the first mathematics assessment. The NCTM panel
presented summaries of its findings in the October 1975 issues of T)telrithrtietic Teacher and

The Mathematics Teo -her. Additional brief articles on specific content topics %sure presented

in the October 1975 through May .976 issues of The Arithmetic Teacher. These articles sug-
gest some of the says mathematics teachers might use information from the first assess-,
ment to improse teaching. References for these articles are found in the section at the back
of this booklet entitled "List of References."

'National Astessrnent rt puns tan bt ordered thmugh the Suptnntindint of Documents, U.S Gott rnmynt

Printing Offitt, Washington, D.L. 20402 or the National Assessment of 1.dutational Progrtss, Suitt loo, 1860

Lincoln Street, Denser, Colorado 8o29c.

=Data tapes are aiailablt , at a thargt, through the Dpanment of User Seethes, National ASS/ %SIM nt of Educa-

tional Progress, Suite 700, 186o Lincoln Street, Denier, Colorado 80295.
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CHAPTER 2

THE SECOND ASSESSMENT
OF MATHEMATICS (1977-78)

Unlike the first assessment, %%Ida made use of outside contractors, the °braises and ex-

ercises for the seeond assessment sere duseloped through conferences organized by the

National Assessment of Educational Progress. The eonferenee procedure seas intended to.

give the assessment greater flexibility, insoles more professionals in mathematics and edu-

cation and be more efficient in cost and time.

Seseral types of consultants participate d in the desclopmental conferences. college or uni-

sersity mathematics educators, mathematicians, classroom teachers and interested lay eiti-

zens. The objeetis es had to be acceptable to these groups. The mathematics experts gener-

als had to agree that the objeetises sere As °ruts% hile and important to assess. The

classroom teachers had to consider the objeetis:s to be desirable teaching goals in most

schools. Finally, the objeetises had to by considered desirable by the lay citizens. The lay

group, including parents and others ssith an interest in education, had to agree that an oh-

jcetis e be important for America's south to aehiese and that it be of %aim' in today's
society.

The ekjeetis es see re organized into a luntt.tit-by-process matrix (tick Figure 2 ). This matrix

resembles the classification scheme de %eloped fur the first aSSl ssmuit and se as used exten-

sisels in the desk Ippmkntal process. Feuer, but more inelusise, content and pines head-

ings in the matrix fur the sueond ass ssmcnt resulted in fever cells. The eomplieated task

of e xe rusk desk lopmk it ss as sulxlis ided into units eorresponding to the Lulls of the matrix.

...The Lulls ss e re ssl ighted in proportion to their importanee. Thk number of k xereisus to be

assessed in each ee II ss as de to rrnined by the re latis k t e fights, and re s fie ss and sk ke etion a ere

done by cells,

After the initial objeetises matrix vas des eloped, an ads isory hoard As as formed tki gist. di-

rection and adsiee to the National Assessment staff for further refinement of the objeetises

and the des elopme nt of the assessment. The six-meMbcr ads isors board included three

unisersity mathematics educators, tuo mathematicians and a mathem- aties teacher. This

board seas instrtmriental in organizing the final set of objeetisus, planning the de selopment

of exercises, selecting the final exercises and planning the subsequent reports.



FIGURE z. Objectives Framework for the Second Assessment

PROCESS CONTENT

A. ° B C. D. I.E.
Numbers Variables . Shape, Measure Other

and and Size -_ -meat__ Topics
Numera.: Relation- and

tion ships Position

. Mathematical

knowledge

11. Mathematical

skill

111. MathernatiCal

understanding

IV. Mathematical

application

The first task of the advisory board was to relict% the new objectives matrix and put it into
final form: The board and NALP staff thought the objectives should be used as a plan or
framovork fur exerLise development and for reporting. They thought a reporting scheme
should exist prior to exercise devflopmen. to help organize and improve the comprehen-

siveness of the second assessment. The advisor) board devised a set of questions,that re-
lated to each of the four cognitive processes (know ledge, skill, understanding and applica-

tion) described in Chapter 3. For example, under mathematical skills, one of the questions

was "How well can students perform computation ?" Under mathematical applications,

one of the questions was "How well can students solve typical textbook problems)" Each

series of questions was intended to be "answered" by the results from the assessment of a
set of,exerLises. This planning helped insure that the questions could be adequately cov-

ered by the assessment. These questions and more detailed information on the objectives

appear in Mathematics Objectives, Second Assessment (1978).

While the objectives were being formulated, conferences were held to discuss special top-
ics reflecting current trends in mathematics education. A special topic that received con-
siderable attention was the measurement of attitudes toward mathematics. Attitudes vv ere
not measured during the first mathematics assessment because of the difficulty of develop-

ing adequate exercises. However, consultants for the second assessment encouraged the
development of attitudinal exercises, and an effort was made to develop such measures,

:t er.



Assessment Results and Reports

Approximately o!.e-third of tilt t xerkises from the second assessment ere released, many

of them appearing as examples in four reports on thc results of the second assessment. The
. .

reports, reflecting the objeLti%cs matrix, art Mathematical Knouledge and Skills (1979),Mathe-

matical Understanding (1979) and Mathematical Applications (1979). A fourth report, Changes in

Mathematical Achiesement, 1973-78 (1979), disCusscs thc changes in mathematical aLhioe-

ment during the fie years beteen the first and second a,sessments.

The text of each released exerList and accompanying doLument ion including selected re-/
sults can be found in The Second Assessment of Mathematics, 197 -78, Relelised Exercise Set

(1979). Summary data augmenting thL four selected reports mentioned abow appear in

Mathematics Technical Report. Summary rolume (1980). This report includes information on

mean performance locls on arious sets of items for the nation and carious population
subgroups. A detailed description of the doclopmental pro.....), sampling, data collection,

storing and data analysis can be found in Procedural Handbook. 1977-78 Mathematics Assess-

ment (198o). for rt stal-Llk rs hu an inn rested in doing further analyses of thc assessment

data, Jata talks Lontaining a spondent-l.. L I data for all ext rLises in thk st Lund asst ssnknt

are available.'

In addition to the riports produLkd by National Assessment, inn rprt tiL artiLlis aimed
primarily at tt aLhLrs %%La k ran n by a pant! of mathematics LduLators from tht. National

CotmLil of Tt a,.ht rs of Mathematics (NCTM). The NCTM panel past ntt d summaries of

its findings _in tht April 1980 issuLof The Arithmetic Teacher and the Max 1980 issut of The

Mathematic.> Teacher. Succc c ding issues contain brit f artik Its un sptLifiL topics, suggesting

.lays mathimatiks tkaLlikrs might ust tht implications of thL results in tilt ir tt aLhing.
Tides of these arikles appear in the rt krenLes listed at the back of this booklet.

'Data tali* an aallahlt at a hatgt through tht Ik partmt nt of Ust r St r% s. National Nswyant nt of !du. a-

ttonal Progress, Stnte 700.i8t,o Lincoln Street. (knits. Colorado 8029;
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G or CHAPTER 3

THE THIRD ASSESSMENT
OF MATHEMATICS ( 1981-82)

The doelopment tithe objectlY es and assessment t xt ri isc s prot t:t deed along lines dt st ribed

m Chapter 2. College or umsersity mathematics educators, mathematic iansclassroom

teachers and interested lay ()tin ns contributed their siesss to the dcselopment of objet -

tiY es and assessment exercises. A nine-member ads ism-% committee wa'sinstrumental

rexiew mg the ohjcetis,s andgning guidance throughout the dt stlopmental process A list

of the ads ist,r) board me mbcrs and consultants who aided the d, stlopmtntal pi-muss ap-

pears in Appendix A.

The objet tnes for the third math, maks assessment are based on the franit work used for

the second assessment, with some recisions that reflect current content- and trends in

school mathematics. To op-tratt tht- t;lijt cti%tm, numerous math, matic ians and mathemat-

ks educators roitAYed the secont assessment obit ctit s and math suggestions for re% i-

sions and new content.

The objecthts framt work uses a two-dimensional content-by -Fut ss matriX-T6-r organi-/-

ing the Amuses (set Eigurt 2). On, dimension int lucks 11t procts, It %els and the other

dimension int hides six konttnt art as. AttnutIts toward math, mate. s. Ality to use the cal-

culator and computt r lit rat.. (w hit h ss,r, .onside and "six. ial topics" in thi last assess-

ment) base ken int orporated into the matrix for the third assessment

Content

The contcnt domain for the third assessment of mathematics draw s primarily from the

current c &writ ell= k nit ntanand secondary schools, althot.gh some projection of

future mathematics t mphascs is ac know It dg, d (fur xamplt , asst ssmt nt of ble m soh -

mg strategies, use of calculators and computers). Math( matics up to, but not including,

calculus is included in the assessment exercises, which arc classified acctexling to the six

content categories shown in Figure 2.

Them. 'content categories help to orgam/.t. the domain, Ivrt. not inttntl d to bt repre-

sented equally in the assessment. Each is discussed below.-



,FIGURE 2. Objectives Framework for the Third Assessment

PROCESS

I. Mathematical

knowledge

II."' 'Mathematical

skill

Mathematical,

understanding

IV. Mathematical
application and

problem solving

A. B.

Numbers Variables
and and

Numera- Relation-
,

tion ships

V. Attitudes

toward

mathematics

CONTENT
C. D.

Shape, Measure-
Size went
and

Poiition

E.

Statii-
tics/

Proba-
bility

F.

Technol-
ogy

Numbers and Numeration

This category contains the laigest number of exercises because of its importance in the

curriculum. Exercises deal ith the ays numbers are used, processed or vs ritten. Know I-

. edge and understanding of numeration and number concepts are assessed fora hole num-

'bers, common fractions, decimal fractions, integers and percents. Considerable emphasis is

placed on operations. Number properties and order relations are also included. M'st of the

exercises inducted here are to be done with paper and pencil: however, in some instances,

students are asked to use other 'Computational methods such as mental computation or

estimation; Exercises inelude typical one- and two -step applieationproblems, nonroutine

problems and consumq problems. Nonroutine problems art exercisesnot normally taught

9r encountered in the curriculum, but understandable to the age group. Consumer prob-

fenlis deal primarily With the uses of mathematics in commercial situations (for example,

the mathematics needed for buying and selling, including loans, percent:discount, finance



charge and reading advertisements) and are emphasized more at the :7-year-old level than

at the twci younger age levels.

An important net% assessment category within numbers and numeratioK estimation.

There is an increasing need for students to be able to make good estimates. With the wide-

spread use of the calculator, students need to be able to check the reasonableness of their

answer by estimating. As consumers, they fate daily decisions requiring estimation skills.

Two types of es- timation skills are assessed. computational estimation (which invokes
working with numerical data alone) and application estimation (which requires working

with numerical data embedded in a real-world context).

To encourage students to estimate rather than use paper and pelted, only a ftw seconds are

allowed tee eomplete each exercise. Additional information on the a.ssessinent of estimation

is included in Appendix B.

Variables and Relationships

The use of tariables and n lationships eurresix,nds to an important part of the Nebo()

mathematics curnculum. The t !cellist s a...essing skills in this art a deal id; the recogni-
tion of facts, dt.finitions and symbols algt bra, the solution of equations and inequalities,

the use of tanablts to n pnst nt probltm situations and elements of a number system, the

t taluatkn and inttrprt tation of fent Lions and formulas, tl,e graphing of points and lints in
a coordinatt system, the um oft xpone nual and trigonometric functions, and lugit.. The n

an ten fit% t xt nest s appropriate for 9 -year -olds in this eatt.gory, and only a few topics an

_appropriatt for ar- -olds. How( to r, must t x(rtises an appropriate at the 17 -year -old

level, where students hate had the opportunitt to study "algebra.

Shape, Size and Position

The exir.ists in tlas eunttnt t.atcgort mta.sun obit etitt s related to se hool gt. unit try. The

emphasis in tht assessment is nut on geomt try as a formal, dtduetne system. Ftathtr, the

exe rust s Lone. rn plant and solid shapts, eungrut.net,. similarity, prop( rues of triangles,

propt rtits of quadniatt rals, e onstiiktions, st e nuns of solids, baste tht on ms and n lawn-

ships, and mtat ions and symmetry.

Measurement

The mt asun xt rusts Lott r appropriate units, equitalt net nlations, instrument'
reading. length, weight, capacity, timt and temperature, perimeter, an a and tolume, non-

-

I I



standard units, and precision and interpolation. A substantial number of the measurement

exercises require the use and understanding of metric units.

.

,Probability and Statistics

Ills content area reflects a greater emphasis on statistics and probability in the school
Inathematics turriculum.s.The exercises assess collecting data; organizing data ttith tables,

,charts,-graphs, interpreting and analyzing data, drafting inferences; making generalizations;

using basic Statisticsvredicting outcomes and determining combinations.

Technology

The impact cif nett tet hnology on school mathematics is measured in this content area by

assessing the use of the calculator and computer literacy.

Calculator

The increasing atadabditt. and popularity of takulators has made it important for 'National

Assessment to gather information on their use by students. This tta.s begun in the 1977-78

matheniatics assessment.

Fite categories of excn.ests arc identified for assessment. They art ( ) routine computa-

tion, (2) more aiffitult computations. (t) uncle rstanding concepts, (4) exploration and (5)

application problem milting. Some calculator at tit ities such as understanding and explo-

ration art more apprup- natt for instructional use instht classroom and are not emphasized

in the assessment. Thus, of the fist categories of exeniss, computation, nonroutine com-

putation and application an measured in the gn.attst depth. \dditional information on

these categories can be found in Appendix B.

Computer Literacy

An inc reasmg numb. r st h 0 (16 has'. compute rs or compute r to rthinals mailable for stu-

dents' use. This it d National Assessment to, begin collecting computer literacy data in the

1977-78 mathematics assessment.

Thirteen- and 1) -year- -olds an asked to provide background information on their experi-

ences stall computers. %timber they bast access to one in their school, chat programming

language and computer topics they hate. studied and tt hat specific attit ities and problems



the} haw sok ed using a computer. The assessment of computer literacy includes measures

of students' attitudes toccard tin uses, effect and role of computers and their knocc ledge of

specific terms, non charts or BASIC programs to determine the output..

A summary outline of these content categories is procided in Appendix C. The desired

approximate percentages of t sercist s bs content category and age group an slum n in

Figure 3.

FIGURE 3. Percentages of Exercises by Age and Content*

Age 9 Age 13 Age 17

A. Numbm and

numeration

B. Variables and

relationships

C.. Shape, size and

psition

D. Measurement

E. Probability and

statistics

40%

10

10

IC

40% 306

10 20

10 10

IC 10

10

F. Technology to to to

*These z-entaget.do not add to t00% because the attitudinal exert ises arc

not included.

Process

Tht proct NS domain for tin third assessmt nt has fist calk gorit s, as shunt] in Figur( 4.

Like tht contt nt domain. tilt proct ss domain can Ix ust d to c iassify t ithtr oilcan t s of
mathematics instruction or xt mists to asst ss tht h arning of matht mauls. Although each

category suggests a typo of mt ntal process, nt ithtr objektices nor t xerkists falls n!atly into

a single process category if only because the prokos has to be inferred, and different
students may use different processes or different combinations of processes. Arbitrary deci-

sions must he made in using any system of process categories. Such a system is helpful

t3



,.in

Mathematical Knowledge

Mathematical knoWlecigereters to the recall and -recognition of mathematical ideas ex-

presd;iii'words,syrilbols
A figures. Mathematical knowledge relies; for the most part, on

-pictOry ,Processes. not ,ordinarily 'require any other -more complex Mental:

rOceSes

r

orisidei-ation of the dhersity - possible ithin a given, cdnient.
tl

FIGURE-4. Perce ges olExerciSes by Age and Process Level

I. -Madiernatical

knowledge

II. Mathematical

skill

Age 9 Age.t3 Age 17

iscx? 15%

\ 2S 25

III. Mathematical 202 2S

understanding
\s\

IV. Mathematical 25 3o \\ .30

application

;ft
V. Attitudes toward io 5

Tathematics

-Exercises that assess mathematical knowledge require that a student recall
\

or recognin one
.;

armor items of information. An example of an exercise involving, recall w ould be one that

-asks for a multiplication fact such as the product of five and two. Another example would

be an exercise asking for the statement of a mathematical relationship such as tlie\ law of

cosines. An example of an exercise involving recogition wouldbe one that preseM.5,sev-

era' symbols and asks which symbol means "parallel."

Matheinatical Skill

Mathematical skill refers to the routine manipulation of mathematical ideas and relics on

algorithmic processes that are standard procedures leading to answers. Exercises assessing

mathematical skill assume that the required algorithm has been learned and practiced.

They do not require that the Student decide which algorithm to use or that he or she apply
-



`the algorithm to a new situation. Such exercises aim at nieasuring'proficiency in carrying -

Out th& algorithm rather than understanding how or why it works..Mathematical skill is
assessed by exercises that require the performance of specified tasks, such as making mea-
i'brements, multiplying two fractions, performing mental computations,,graphing a linear
equation or reading a table.,

Mathematical Understanding

Mathematical understanding refers-to the 'explanation and interpretation of mathematical
knowledge and relies primarily on translation processes. The mathematical knowledge can

7Weexpressed in words, symbols or figures; and the translation may be within or between
any of thesemodes of expression. Mathematical understanding involves memory processes.
of associating one item of knowledge with another.

Mathematical understanding may also require judgment in selecting the appropriate uses of
different tools or processes. For example, students should understand appropriate times to
use a calculator, computer, estimation or paper-and-pencil computation,

Exercises that assess mathematical understanding require that a student provide an expla-,
nation, an illustration for one or m re iter.is of know ledge or the transformation of knowl-
edge. They do not require the application of that knowledge to the solution of a problem.
An etcample.of an exercise involving explanation is one that asks w by a-certain graph is not
the graph of the function. Exercises imoh ing transformation might ask for adrawing ofan
array to represent six times seven or ask for an equation to represent the information in 'a
word problem.

Mathematical Application
and Probtem Solving

Mathematical application and problem soling refer to the use of mathematical knowledge,
° skill and understanding in solving both routine and nonroutine problems. Mathematical

',Application and problem solving rely on memory and algorithmic, translative and judgmen-
tal processes. The student is not told how to solve the problem; reasoning and decision-
making,processes must be used.

',,Exercises that assess mathematical application and problem solving require a sequence of
'processes that relate to the formulation, solution and interpretation ofproblems. The pre
cesses may 'mid& recalling and recording knowledge, selecting and carrying out algo-
rithms, making and testing conjectures, and evaluating arguments and results.

.

'Exercises assessing mathematical application may vary from routine textbook problems to
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,-exercises dealing.,.vith mathematical arguments. An.exercise might require the solution ofa

.standard problem or proportion, the demonstration that two geometric figures aft con-

gruent, an estimate of the amount of carpet needed fon a mom, or the formulation of a

ptiatAem, given a graph of statistical data.

Exercises assessing problem solving require the use of strategies in solving nonroutine

:problems. Students may need to be able to use such strategies as drawing diagrams, trial

anderror, modeling, simplification and estimation in order to correctly solve the problems.

Attitudes Towaid
lit,'Mathemxtics'

`National Assessment assessed attitudes to and mathematics-for the first time during the

second assessment in 1977-78, and these exercises are reassessed in the third mathematics

assessment.. Five categories of attitudinal measures were developed: (1) mathematics -n

school, (2) mathematics and oneself, (3) mathematics and society, (4) mathematics as a dis-

cipline and (;) attitudes toward computers. These categories were not developed as scales

but rather as sets of exercises with related content. Additional information on the assess -

mentment ot attitudes appiars in Appendix B.

The desired approximate percentages'of
exercises by age group and process category are

Shown in Figure 4.

Questions To Be Answered
by the Assessment

In the development 4nd selection of exercises for, the assessment, care was taken to assure

an appropriate balance of emphasis on both.the content and process dimensions. Achieve-

. ment of this balance was facilitated by a set of questions organized according to the cate-

gories of the process dimension. The questions Were based on the combined priorities of

the interestql public, mathemSticians, mathematics educators (including teachers) and

educational administfators.

I. 'Mathematical knowledge

A. How well can students recall and recognize facts, definitions and symbols?

H. Matht:matical skill

A. How well can students perform paper-and-pencil computations, including
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computations with whole .numbers, integers, fractions, decimals, percents,
arid:ratios and proportibns?

B. -How well can students perform algebraic manipulations?
C. How well can students perform geometric manipulations like constructions

and spatial visualizations?

D. How well can students make measurements?
E. How well can students read graphs and tables?

E HOW well can students compute statistics, probabilities or combinations?

G. How well can students perform mental computations, including computation
with whole numbers, fractions, decimals and percents?

H. How well can students estimate the answers to computations and
measurements?

How well can students perform computations incolcing whole numbers,
decimals, fractions and percents using calculato`rs?

J. How well can students read flow charts or bask computer programs;

Mathematical undemanding

A. How well can students translate a erbal statement into symbols or a figure,
and vice versa?

B. How well (lc; students Understand mathematical concepts and principles?

C. I low well can students select the appropriate uses of-ciimputers?
D How well can students select an appropriate computational method such as

paper and pencil, mental, estimation or calculator?

IV. Mathematical application

A. How well can students solve routine textbook problems?
B. How well can students solve nonroutine pmblems?

C. How w ell can students apply Problem-solving strategies?

D. Hoci' well can students estimate the answers to application problems?.
I:. How well can students interpret data and draw conclusions?
F How well can students use mathematics, including logic, in reasoning and

making judgments?

G. How well can students use a calculator to soh e application problems?

V. Attitudes

, ,, , ,
A. How do ,tuaents led about the mathematics they encounter in school?
B. How do students fed about the .arious activities in mathematics classes?
C. How do students feel about their personal experience with mathematic's?
D.

. What are students' beliefs about the nature of mathematics as a disc inline?
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What are students' belLis about the value of mathematics to society?

What air students' beliefs about computers?

The development and selection of exercises is primarily organized around these questions,

ivhich express the main objectives of the third mathematics assessment and will serve to
organize the reports of assessment results.

To answer these questions as comprehensively as possible, sets of related o: "nested" exer-

cises appear in the assessment. For example, the same numbers may be used in a computa-
tional exercise and in an application exercise, or identical data may be provided in several

-different formats, or an intermediate step in a multistep problem may be assessed sepa-
rately in another exercise. Nested exercises are an attempt to identify thu mathematical
:processes that cause students difficulty.
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APPENDIX B

DETAILS OF OBJECTIVES FOR THE
THIRD MATHEMATICS ASSESSMENT

Eir the interested reader, more information is provided he're on certain assessment topics
in the third assessment. Topics include assessment of attitudes, the calculator and estima-
tion skills.

Attitudes

The attitudinal measures included in the third assessment were originally developed fort the
second assessment and will be reassessed to provide information on changes in students'
attitudes. Nye categories of attitudinal measures were developed.

The first category, mathematics in school, consists of exercises assessing attitudes toward

the mathematics courses students ha%e zocountered in school. Subcategories of exercises

include a school subject comparison, questions about the frequency of cario,s classroom

activities and students' attitudes toward those activities, and a breakdown of mathematics
content activities.

The subject-comparison exercises list the most commonly encountered school subjects

(e,g , science, mathematics, social studies) and ask respondents to rate each subject on the
basis of whether they like or dislike it, whether they find it easy or hard and whether or
not they view it as important.

Students are presented with a list of activities that might occur M a mathematics classroom

and are asked to indicate how often (often, sometimes, never) they have participated in

such activities. They are also asked to state whether they like or dislike each activity and
whether they find the activity useful in helping them learn mathematics. Typical exercises
are the following:



4 1_

Lt year in your mithematicstourse howoften did you

. A. 'watch the teacher nork mathematics problems on the board?

Often . Sometimes

11. get individual help from the teacher on your mathematics?

Often Sometimes

,

g. help a classmate do mathematics?

,Never

Never

'Often Sometimes Neser

Hon do you feel about each of these atti \hies in learning mathematics? First. hon much do

you like or dislike them? Second, hoss useful are they in learning mathematics? Indicate your

feeling-by Ming in one oval on each line.

A. Taking mathematics tests

Like A tot Like Undecided Dislike , Dislike

A Lot

C:o

;Vers. Useful Useful Undecided Not Very Useless

Useful

H. Doing mathematics home s% ork

Like A lot Like Undecided Dislike
A lot

Very Useful Useful Undecided Not Very Useless

.,
Useful
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-Respondents are also given a 1iit of content activities and asked to respond on an impor-
tant/not-important, ea.%y/hanl, like/dislike basis. A sample exercise is:

limy do you fed about eac hof these mathematics. activities? First, him important are
thee? Second. hoo easy are they? Third. him. much do you like them? Indicate your
feeling by filling in one coal on each line.

A. Solving cord problems

Ver% Important Undecided Not Yen- Not important
Important Important At All .

Very Ease Easy Undet hied Hand %'vr /lard
C=0 0 CD 0 0:=>

Like It Like It ' Undecided Dislike It Dislike It
A Lot A Lot0 0 0 0 0

B. 1Vorking oith fractions

Very Important Undecided Not Veil Not Important
Important Important At All

, .

Very Las%

O Faar

<=l0
UndecidedO [lard

CD
Very Ilan)

Like It Like It Undecided Dislike It Dislike It
A Lot A I of
<=>

C. Estimating answers tcjyroblems

Very Important Undecided Not Ver Not Important
Important Important At All

- 5=)

1'ery F.asy asv Undecided Hard 1'er Hand
C) O

Like It
A Lot

Like It Undecided Dislike It Dislike It
.A Lot

C:::, 0 0 0 C>
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..Exercism*ithin the "mathematics and oneself" category assess a respondent's perception

-of or herself in relation to mathematics. Difiefent attitudinal components such as /

anxiety, motivation, self-concept and enjoyment of mathematics are reflected in these

Liken -type exercises, A sample exercise follOws:

This exercise asks how vou feel about mathematics or mathematics activities. There are no

correct answers. The answer choices are "True about me." "Sometimes true about me" and

-"Not true about me-7 For each part, choose the one response that best describes how you feel----.
about du:statement it.sure to fill in.one.oral in each bol. , -

. ,

A. Mathematics is bOring for me.

-True About ,Sometimes True Not True

Me About hie About Me

Co-

B. I usually uncijrstand what we are talking about in mathematics.

True About
Me

Sometimes True Not True

About Me About Me

C. Doing mathematics makes me nen ous.

Try,. About Sometimes True Not True

About Me About Me

The four examples above are for 9-year-olds. For 13- and 17-year-olds,the exercises have

five response options, from "Strongly Disagree" to "Strongly Agree."

The "mathematics and society" category reflects two major concerns: the value of mathe-

matics to the individual as a member of society and the value of mathematics to society in

general. Liken -type exercises are designed to assess attitudes toward both the usefulness

and importance of mathematics to society. A typical exercise follows:

This exercise asks how you feel about mathematics or mathematics activities. There are no

correct answers,. The answer choices are "Strongly Disagree." "Disagree," "Undecided."

"Agree" or "Strongly Agree." For each part, choose the one response that heft describes how

r.,,E1 feel about the statement. Be sure to fill in one oval in each box.

26
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Most people do not use mathematics in their jobs.

Strongly
Disagree

O
Disagree Undecided Agree Stropgly

Agree
00 Q CO

would like to w ork at a job that lets me use mathematics.

Strongly Disagree Undecided Agree Strongly
Disagree

Agree...
CO O Q Co

Attitudes toward mathematics as a field of study artns tile focus of the exercises in the
"mathematics as a discipline" category. Students' views toward mathematics as a cumula-
five or compartmentalized subject, the status of mathematics as a fixed or changing subject
and mathematics as a process are among the different aspects of attitude assessed in this
category. Items such as the following are included:

This exercise askt how you feel about mathematics or mathematics activities. Then are no
correct answers. The answer choices art "Strongly Disagree "Disagree "Undecided,"
"Agree" or "Strongly Agree." For each part,choose the one response that best describes ho%%
=feel about the statement. Be sure to fill in onebral in each box.

A. Mathematics is made up of unrelated topics.

Strongly Disagree Undecided Agree Strongly
Disagree Agree

8. Mathematics helps one to think logically. ,

Strongly Disagree Undecided Agree Strongly
Disagree Agree

4:2) C=0 O ' C=° C=0'

C. Doing mathematics requires lots of practice in following rules.

Strongly Disagree Undecided Agree Strongly
Disagree Agree

O:=0 C:o Co CC"
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Calculator

:Like the assessment of attitudes, assessment ofThe use of the calculator was first dOne'dur7

,ing the second mathematics assessment. At that time the increasing availability and pupil-

;: latity of calculators made it important for National As . ssment to collect information on

.their use, by students. The small, inexpensive calculator has the potential to dramatically

:influence-the Mathematics curriculum in the United Stated;." -

Several conferences were organized by National. Assessment to discuss the place of the cal-

culator inthe second mathematics assessment. The paiticipants at thesesonferences iden=

tilled five calegoriesof exercises for w hich calculatOrs might be used. These categories-are:

. ."-

L. &wine Compilation This category includes typical computations with whole

numbers, decimals, fractions and integers that are routinely taught at a particular

age.

2. More LgficuluCompusations
Students might be asked to perform difficult computa-

tions or computations for which algorithms have not been formally taught. For

example, 9-year-olds might be asked to do computations w ith decimals or difficult

division problems. Thirteen-year-olds might be given chaining operations or

conversions .bet;ceen fractions and decimals. Students at all ages might be required

to work w ith very large numbers or complicated decimals that would make compu-

tation without a calculator tedious. .

Understanding Concepts
Nine-year-olds might use the calculator to learn more

about place value. and 3-year-olds might learn estimation for order of Magnitude.

Seventeen-year-olds might use the calculator to facilitate learning order of opera-

tions, approximating square roots, graphing functions and understanding properties

of functions.

'4. 'Exploration I:xercises in this category might deal with topics in number theory

including series, summations, paityrns or-divisibility problems.

s. Apphermons and Problem Solving This category includes routine and more diffictk

word problems and also multistep problems. For 9-year-olds, some problems might

use larger numbers than they are accustomed to working with. Thirteen-year-olds

might wini problems involving percent, unit pricing and other more difficult word

problem;. Seventeen-year-olds night be given a variety of realistic consumer limb-

Ions as well as exercises dealing with mathematical formulas.

In an effort to collect data on the use of the calctilator, as wide a variety of topics as possi-

ble was assessed. Although it was agreed that the five categories sho'uld be assessed at each
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otthe three .age group7s,.practic4 considerations irnposed limgations on' What cotrid;be
assessed: Sot* activities using the calculator (especially understanding. and exploration ex-

eCise r .4 .
S) are men-. appropriate for instructional use in the classroom than for an assessment.

Thtti3Of the five categories of exercises, categories 1, 2 and s were measured in the greatest
depth:.

On test bobklet comprising approximately' 20 exercises designed for caleulator usage .w as
adininistered at each.ag-6. Students sc ere required to use a simple four-function calculator
after'heing given' a minimal amount of instruction on how- the calculator is used These ex-
'elcises are difficult or too time- consuming without a calculator ..Many of the exercises in-
,each calculator test booklet appeared again in anotherbooklet for the same age group. This
:allowed comparisons of performande with and w ithout the calculator.

'Each student answered background questions regarding his or her experienee w ith calcula-

tors. :These background questions asked how often the student has used a calculator,, if the
student's fam6 owns one, in what school elasses the student has used a calculator and
what experienees w ith calculators outside of school the student has had.

Estimation

Estimation has long been recognized as an important mathematical skill. Thew idespread
use and Mailability of ealeulators plates additional importance on computational estima-
tion skills. Because it is easy to make a key-stroking error w hen using a calculator, students

need to be able to estimate the magnitude of an answ'er or reeognize the reasonableness of
results.

'Two types of estimation skills are assessed. computation estimation (eehich imuhcs work-
ing w ith numerieal data alone) and application estimation (c% hieh requires working w ith
numerical data embedded in a real -world context). The prerequisite skill of mental eompu-
..tation of exact answers is also'assessed.

MOst estimation exercises inducted in the assessment require estimates using whole num-
bers, but some exercises include decimals and fractions. The four operations (addition,
subtraction, multiplication and division) art represented, and se ceral problems require
knowledge of percent.

Both open-ended and multiple - choice exercises arc assessed. For op' m-ended exercises,
scoring guides indicating acceptable response ranges has been constructed. Generally,
three categories of responses are considered acceptable. (1) exact answers, (2) very close.

_estimates and (j) reasonable estimates. The intervals forchese guides were determined by ,

-analyzing field-test results.
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An effort will be'9made to relate the arithme'tic required in the mental computation exer-
cises with the Arithmetic needed in the computation and application estimation exercises.
For example, a mental computation exercise might be 20 x .4o. The related computation
estimation exercise might -be 19 x 42, which the student would probably solve by rounding
each, number to the nearest lo. A related application estimation exercise might ask stu-
dents to estimate the area of a rectangle with a width of 19 and a length of 42. By embed-
ding related or identical numbers in different types of problems, more information can be
obtained on students' estimation skills.
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APPENDIX C

:ccirtftNt..OuTilNE

.1*InitibOs and NUtheration

*NiinieratiOn (whole niimbers,lractions, decimals, percent, integers, scientific
notation)
,

2. Number concepts (whole numbers, fractions, decimals, percent, integers)

3. Operations (whole numbers, fractions, decimals, percents, integers)

S.

6. Properties

7. Relations

Variables and RelationShips

t. Facts, definitions and symbols

.Mental computation

Estimation

a

2. Use of variables in equations and inequalities (solutions, equivalences and
translations)

3. Operations with variables

4. Use of variables to represent elements ofa number system

s. Functions and formulas

6. Coordinate systems



Expoiicntial "and trigonometric. functions.

8. Logic

Shape,'Siz,e, and Position

r. ' Recognition of figures

.2. Ortrititictions and drawings

3, Vistiafiiatioi;,(static and dynamic)

4.

S.

Recognition of relationships (congruence, similarity and symmetry)

identification of properties from given visual information Nithin, between or"

among figures

6. Relationships involving classes of figures

7. Definitions, postulates and theorems (recall, inference and application)

D. Measurement

i. Unit (appropriate size and type of unit, unit equivalents, conversions within a

syswm)

2. o Instrument reading (English and metric rulers, scales, thermometers; clocks,

etc.)

3 Linear measure (including nonstandard units)

4. Area, perimeter and volume

S. PreCision

6. Estimation of measurements

Probability and Statistics

t.' Organizing, displaying a.n4 interpreting information (tallies, graphs, charts

and tables)
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2: Measures Of central tendency (mean, median; node)

3. Measures of spread and position (range, percentile, standard deviation)

4. Sampling and polling

Probability (simple, compound and independent events; odds)

6. Combinations and permutations

Technology

. Hand' calculator

2. Computer literacy

37
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